We propose a delay-differential equation to model dynamical instabilities in a quantum dot laser. We focus on a laser with a small gain section and a long empty section. A long cavity reduces the strong damping of the relaxation oscillation frequency. It leads to the appearance of dropouts at the delay period, which evolve to chaos. © 2007 Optical Society of America OCIS codes: 190.3100, 140.5960. Delay-induced instabilities are well known in semiconductor laser physics. The most famous example is the occurrence of low-frequency fluctuations that are observed near the lasing threshold when a semiconductor laser is subjected to an optical feedback. The output is characterized by intensity dropouts with an average time between consecutive dropouts much longer than either relaxation oscillation periods or mode beating characteristic times. This phenomenon has been extensively studied experimentally and numerically. Although some experiments demonstrate the importance of the multimode character of the laser emission, 1 the quite simple delay-differential equation model derived by Lang and Kobayashi 2 (LK) gives a good qualitative explanation for most of the experimental observations. The first experiments with semiconductor lasers based on quantum dot (QD) materials have shown that these lasers do not exhibit similar instabilities.
Delay-induced instabilities are well known in semiconductor laser physics. The most famous example is the occurrence of low-frequency fluctuations that are observed near the lasing threshold when a semiconductor laser is subjected to an optical feedback. The output is characterized by intensity dropouts with an average time between consecutive dropouts much longer than either relaxation oscillation periods or mode beating characteristic times. This phenomenon has been extensively studied experimentally and numerically. Although some experiments demonstrate the importance of the multimode character of the laser emission, 1 the quite simple delay-differential equation model derived by Lang and Kobayashi 2 (LK) gives a good qualitative explanation for most of the experimental observations. The first experiments with semiconductor lasers based on quantum dot (QD) materials have shown that these lasers do not exhibit similar instabilities. 3 This low sensitivity to optical feedback is a plus for some applications and was attributed to the strong damping of the relaxation oscillations and relatively low linewidth enhancement factor in QD lasers. 4, 5 The linewidth enhancement factor in QD lasers depends strongly on the device temperature. A strong optical feedback induces an instability range at high temperature. 6 These instabilities are very different from those commonly observed in quantum well lasers and cannot be explained in the frame of the conventional LK approach because experimental conditions include high pumping current, strong optical feedback, and a relatively long external cavity. The observations include periodic oscillations at the delay period, which evolve to chaos. There is a bistability between these oscillations and a stable steady-state regime of operation.
Our goal in this Letter is to introduce a model for QD lasers that accounts for most of the experimental observations in Ref. 6 . We propose a system of delaydifferential equations that predicts the appearance of the periodic dropouts, intermittency, and chaos in the QD laser output and is not limited by the assumption of low pumping current and weak optical feedback.
Let us briefly explain the essential ingredients derived from the experiments for the model construction. The experiments done at high pumping current and with strong optical feedback ͑ϳ5-10 dB͒ with a large delay were essential for the observation of instabilities. In lasers, the damping rate of the relaxation oscillation is proportional to the frequency itself. The increase of the cavity length decreases the relaxation oscillation frequency and, therefore, its damping rate. This effect explains the appearance of the instabilities in the low-frequency range that corresponds to the long external cavity and suggests that the role of the long external cavity is dominant. Therefore we consider a model for QD active medium in a very long cavity.
QD lasers usually operate in the multimode regime because of the strong inhomogeneous broadening of the QD material. Multimode interactions are very complicated and lead to an interesting dynamics. 7 However, we shall assume that these complexities are not relevant for a qualitative description of the dynamical instabilities and, as in the LK model, we consider only single-mode operation. Despite this assumption, we find that our model is in very good qualitative agreement with the experimental results.
We model a laser consisting of two sections. The first section of length L a is very short and contains the gain medium. The second section, of length L e ӷ L a , is empty. The equation describing the evolution of the electric field envelope E͑t͒ is
where E͑t͒ is the normalized complex amplitude of the electric field. The delay parameter T is the cavity round-trip time. The attenuation factor Ͻ 1 describes total nonresonant linear intensity losses per cavity round trip, ␥ is the dimensionless bandwidth of the cavity, and ␣ is the linewidth enhancement factor. Details of the derivation of Eq. (1) can be found in Ref. 8 . The variable G͑t͒ is the normalized gain:
where ͑t͒ describes the occupation probability in a dot.
The dynamics of the occupation probabilities in the gain section is governed by
The variable N͑t͒ describes the carrier density in the wetting layer, scaled to the QD carrier density. The parameters g, ⌫, and ␥ r are, respectively, the differential gain, the carrier relaxation rate in the wetting layer, and the carrier relaxation rate in the dots. The dimensionless parameter N 0 describes pumping process in the gain section. The factor 2 in Eqs. (2) and (4) accounts for the twofold spin degeneracy in the QD energy levels. The function F͑ , N͒ describes the carrier exchange rate between the wetting layer and the dots. In the most general form, the carrier exchange can be written as
where 1 − is the Pauli blocking factor and R cap = BN describes the carrier capture from the wetting layer to the dots with rate B. R esc is a temperaturedependent coefficient defining carrier escape from the dots to the wetting layer. Together with Eq. (1), Eqs. (2)-(4) constitute a closed set of equations. Assuming the weak gain limit ͑G → 0͒ and neglecting the delay ͑T → 0͒, the system can be easily reduced to the usual description of a QD laser. 4 For the numerical simulations, we choose common material parameters for QD lasers, scaled to the length of the gain section ͑10 ps͒. We consider ⌫ = ␥ r = 0.01 (or 1 ns), ␣ =5, B =2, R esc = 0.05, gL a =3, N 0 =4, and T =50ӷ 1, or a very long cavity. The narrow bandwidth ␥ = 0.1 of the cavity was chosen to match the condition of single-mode operation.
In the experiment, 6 the laser output was stable at low feedback strength. As the feedback level was increased, the laser displayed irregular sequences of dropouts at the delay frequency until it finally became a stable periodic oscillation. There was a bistability between periodic oscillations and stable steady state. The periodic oscillations evolved to chaos at still higher feedback levels.
With the parameters specified above, we follow the dynamics by changing the attenuation factor . The output is stable for low values of . At = 0.09, largeamplitude periodic oscillations appear. The frequency of the periodic oscillations p is very close but not equal to T =1/T. Similar to the experiment, there is bistability between the stable steady state and the periodic oscillations. The distance between the limit cycle and the steady state increases with as shown in Fig. 1(a) . For low , the distance is small, and irregular switching between the two attractors appears as irregular sequences of dropouts, as observed experimentally. This noise-induced phenomenon was reported for conventional semiconductor lasers with optical feedback but is related to a different mechanism. 9 The experiments with QD lasers 6 and the modeling of Eqs. (1)- (4) demonstrate hysteresis with stable branches for the steady-state operation and for the periodic oscillations. The intermittent switching between the two states was observed only for low values of . In QD lasers the bistability originates in the nonlinear capture mechanism from the wetting layer to the dot. The capture is limited by the Pauli blocking factor and the corresponding saturation, which is due to state filling. The bistability in lasers containing an intracavity saturable absorber was extensively studied during the past decade (see Ref. 10 and references therein). It explains the stability of the coexistence between the steady output and the periodic oscillations in QD lasers. The bistability and the corresponding hysteresis loops in the characteristics were also reported for the mode-locking regime of QD lasers. 11, 12 The dynamical evolution is shown in Fig. 2 . Largeamplitude oscillations appear supercritically at = 0.09. The relaxation oscillation frequency R remains small for small values of and does not play a significant role in the dynamics. As in the experiment, instabilities appear for larger values of , when the relaxation oscillation frequency becomes close to the frequency p [ Fig. 2(b) ]. First, it results in a quasiperiodic motion with the frequency of the envelope equal to the difference between the relaxation oscillation frequency and the round-trip frequency ⍀ = p − R . Finally, the quasiperiodic motion evolves to chaos for larger values of .
The appearance of higher harmonics is expected at the resonance R Ϸ p and is shown in Fig. 2(c) as an intermittent process, but not as a stable periodic solution. Experimentally, the higher harmonics were observed for larger delays as an ordered sequence leading to chaos. This outcome is probably related to multiple lasing modes in the experiment, which are not accounted for by the simple system of equations (1)- (4) .
In conclusion, we proposed a model based on delaydifferential equations for a long-cavity quantum dot laser. The model predicts the appearance of periodic oscillations at the round-trip frequency, bistability, and chaos. The described dynamical regimes require large delays, T 50, and relatively large values of the linewidth enhancement factor ␣. Larger values of the delay would allow instabilities for smaller ␣. Although our model uses only a simplified description of the complexities of a real device, there is a good correspondence with the experimental results, and the model explains most of the experimental observations.
